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We report on the ninth-mode sectorial oscillation of acoustically levitated drops excited by actively modulating sound pressure. A 
numerical computation based on the level set method was performed to model drop shape evolution by solving an incompressible 
two-phase flow problem. The calculated shapes of the oscillating drop are in good agreement with experimental observations. The 
relationship between the oscillation frequency and parameters describing the flattened drops is studied both experimentally and 
numerically. The frequency of the ninth-mode sectorial oscillation decreases with increasing equatorial radius and can be 
well-described by a modified Rayleigh equation. 
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Drop oscillation has been attracting considerable attention 
in various fields for over a century. In the last few decades, 
a series of studies have been performed to explore the os-
cillatory dynamics of liquid drops with both experimental 
and numerical techniques [1–10]. Many experimental stud-
ies involving axisymmetric oscillations were performed 
using electromagnetic levitation, acoustic levitation, elec-
trostatic levitation and aerodynamic levitation in recent 
years [4,6–8,11]. However, only few studies have been at-
tempted on non-axisymmetric oscillations of an isolated 
drop [12–14]. Understanding the nature of the non-axisym-    
metric oscillations is desirable, not only from a scientific 
viewpoint but also for practical aspects related to material 
processing under containerless conditions. 
The suspension of liquid drops provides a preferable 
boundary condition for the investigations of various free 
surface phenomena. Acoustic levitation is an important con-    
tainerless processing technique for in situ investigations of 
free-drop dynamics that require special physical environ-
ments [15–18]. It has the particular advantage of not being 
constrained by electromagnetic properties of the samples. 
Sectorial oscillations are a non-axisymmetric type of  
oscillation and can be characterized by either top-view or 
bottom-view images. Thus far, single-mode sectorial oscil-
lations of acoustically levitated water drops have been ob-
served up to the eighth mode. In this work, we report the 
ninth-mode sectorial oscillation obtained using an active 
modulation method. A numerical computation incorporating 
level set method is employed to model the observed drop 
shape evolution. Both experimental measurement and nu-
merical prediction are used to investigate the relationship 
between the oscillation frequency and parameters describing 
the flattened drops. 
1  Experimental method 
The experiments are performed using a single-axis acoustic 
levitator, which is actuated by a piezoelectric (PZT) trans-
ducer at a frequency of 22 kHz. In the experiments, the 
acoustic radiation force suspends a water drop with diame-
ter of 5 mm. To excite the levitated water drop into an os-
cillating state, we actively modulated the electric voltage V 
applied to the PZT transducer. The form of this modulation 
is V = V0(1+cosmt)cosact, where m and ac are the angular 
frequencies of the modulation signal and the ultrasound, 
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respectively, and  the ratio of the modulation amplitude to 
the initial electric voltage V0. To flatten the levitated drop to 
a higher extent, a plane reflector replaces the conventional 
curved reflector to favorably excite the high-order sectorial 
oscillations. The bottom-view images of the oscillating drop 
are recorded by a Redlake HG 100 K high speed CCD cam-
era at a rate of 5000 fps. The oscillation frequency is ob-
tained by analyzing the recorded images. 
2  Results and discussion 
2.1  Experimental observation 
Panels (a1)–(a5) in Figure 1 show a typical sequence of the 
nine-lobed oscillation. The sequence records half a cycle of 
oscillation and the corresponding oscillation frequency is 
240.4 Hz. The oscillation amplitude is determined as 0.21 mm. 
The experimentally measured oscillation frequency is ex-
actly half the corresponding modulation frequency, which is 
487.5 Hz. During the oscillation, the fluid inside the water 
drop is transferred from the lobe region to the valley between 
two neighboring lobes. Nine equally-spaced lobes alternately 
stretch out and contract back. 
For the ninth-mode sectorial oscillation of a deformed 
drop, the shape evolution can be expressed as 
      90 0 0, , 1 sin cos 9 cos ,r t r t             (1) 
where r0( ) denotes the equilibrium shape of the initially 
flattened drop, 0 the relative oscillation amplitude,  the 
oscillation angular frequency,  and  the polar angle and 
azimuthal angle respectively, and 0 the initial phase of the 
azimuthal angle. By inserting  = /2 into eq. (1), the equa-
torial flange of the drop is given by  
     e 0 ,, 1 cos 9( )r t R       (2) 
where Re is the equatorial radius and  =0 cos(t) the tran-
sient deviation amplitude. 
To further identify the oscillation mode, five selected 
images corresponding to the phases of 0, /2, , 3/2and 
2 in one cycle of evolution are compared with those theo-
retically predicted by eq. (2), as shown in Figure 2. For the 
sake of clarity, the extracted peripheries of the oscillating 
drop are presented as dots and the theoretical results are 
plotted as solid lines in Figure 2. It is clear that experiment 
and theory agree with each other. This gives further evi-
dence that the oscillation observed in our experiments is the 
ninth-mode sectorial oscillation.  
The modulation of sound pressure leads to a periodical  
 
Figure 1  Snapshots of a water drop undergoing the ninth-mode sectorial oscillation. (a1)–(a5) Experimental observation; (b1)–(b5) numerical predictions 
of the water drop envelop.  
 
Figure 2  Time evolution of equatorial contour for one cycle. (a) Phase t = 0; (b) t = /2; (c)t = ; (d)t = 3/2; (e)t =2 
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fluctuation in the extent of distortion for the levitated drop. 
A forced axisymmetric oscillation due to this modulation is 
usually excited in our experiments. For a levitated drop un-
dergoing this kind of oscillation, its equatorial radius varies 
according to Re=Re0[1+A0cos(mt)], or Re/Re0= A0cos(mt). 
Here, Re0 is the equatorial radius of the levitated drop before 
modulation and A0 the maximum deviation of the equatorial 
radius. Figure 3 shows the time evolution of  and Re0/Re0 
within three oscillating cycles. In Figure 3, the dots and 
open circles are the experimental data of  and Re0/Re0 ob-
tained from the recorded images. The solid line and dashed 
lines correspond to the calculated results from equations  = 
0cos(t) and Re/Re0 = A0cos(mt). Here, the relative oscil-
lation amplitude 0 and the maximum deviation of equatori-
al radius A0 are 0.07 and 0.01, respectively. Clearly, the 
theoretical modeling is in close agreement with the experi-
mental measurements. In Figure 3, the frequency of the ax-
isymmetric oscillation is equal to the modulation frequency 
m and that of the sectorial oscillation is half of m. We 
also observed this phenomenon in our previous experiments 
[19], demonstrating it to be a parametric resonance. The 
ninth-mode sectorial oscillation is also parametrically ex-
cited by the periodical perturbation of the equatorial radius 
due to the fluctuation of the electric voltage applied to the 
ultrasound transducer.  
2.2  Sectorial oscillation frequency 
The experimental results on free decay of a ninth-mode 
sectorial oscillation are given in Figure 4. The transient am-
plitudes were obtained from the digitized drop images and 
are plotted as a function of time in Figure 4(a). These am-
plitudes can be fitted with the exponential function 0.017 × 
exp[(t0.1)/0.075)]. In this example, the corresponding 
oscillation frequency is 218.5 Hz. Figure 4(b) displays the 
frequency spectrum, obtained by FFT, of the levitated drop. 
Clearly, only one frequency peak appears. The oscillation  
 
Figure 3  Evolution of the transient amplitude for an acoustically levitat-
ed water drop over three oscillating cycles.  
 
Figure 4  Decay process of an oscillating drop. (a) Time variation of the 
amplitude in free decay phase; (b) oscillation spectrum of the levitated 
drop from FFT. 
frequency does not change during the free-decay process, 
indicating that the drop oscillates at its natural frequency. 
The modulation of sound pressure only provides appropriate 
energy to counteract the viscosity dissipation of the drop. 
This characteristic of sectorial oscillations provides a spe-
cific method to measure the natural frequency of the flat-
tened drops.  
The natural frequency of a free drop undergoing small- 
amplitude oscillations is given by the Rayleigh equation 
[20]. The static drop deformation associated with acoustic 
levitation has been determined to induce a decrease in the 
resonant frequency of small-amplitude shape oscillation. In 
our experiments, water drops were severely flattened into a 
concave shape by the acoustic radiation pressure. The natu-
ral frequency in the present experiments significantly devi-
ates from the value predicted by the Rayleigh equation. Ac-
cording to the evidence to date, a detailed theoretical analysis 
to predict the natural frequency of drastically-deformed liquid 
drops is not yet available. 
The relationship between the natural frequency and the 
parameters of deformed drops was further analyzed. The 
sectorial oscillation frequency was measured as a function 
of the initial equatorial radii Re, as shown in Figure 5, where 
it decreases with increasing equatorial radius. The depend-
ence of the measured oscillation frequency on the equatorial 
radius is well-described by a modified expression of the 
Rayleigh equation where the equatorial radius Re is replaced 
by the equivalent spherical radius: 




2πlf l l lR

    (3) 
where  and  are the surface tension and density of the 
drop respectively, and l is the mode of oscillation. The em-
pirically predicted results using eq. (3) are found to be 
slightly lower than experimental values. The difference  
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Figure 5  Dependence of oscillation frequency on equatorial radius. 
between experimental and predicted results is to within 5%. 
2.3  Numerical analysis 
To obtain a brief overview of the physics of the ninth-mode 
sectorial oscillation, a numerical computation was per-
formed to simulate the shape evolution of free drops oscil-
lating in air. Since the fluid velocity is much less than the 
speed of sound, we can approximate the fluids as being in-
compressible. To simplify the problem, the acoustic radia-
tion force was assumed to only suspend the water drop and 
had no influence on the oscillation process. Therefore, in 
this simulation, the sound field and gravity were not taken 
into consideration. During sectorial oscillation, the levitated 
water drop was significantly fattened to an aspect ratio of 6. 
In addition, fluid flow only occurs in the horizontal plane 
[21], and fluid velocities in the vertical direction are zero. 
Hence, it is reasonable to simplify the simulation to just two 
dimensions. 
In the calculation of the two-phase flow with free bound-
ary, a key problem is the interface tracking. Instead of ex-
plicitly tracking, a level set method (LSM) [22] is used to 
implicitly capture the water/air interface. Here we briefly 
illustrate the outline of the level set method. The level set 
function  is defined as = 0 in the liquid region, = 1 in 
the gas region, and = 0.5 at the interface. The air/water 
interface is identified at points where = 0.5. The evolution 
equation of  is given by 
 0,
t
     u  (4) 
where u is the fluid velocity vector. The incompressible 
Navier-Stokes equations in dimensionless form are 
 0, = u  (5) 




              Re
u uu u u  (6) 
where , p,  and  are the density, pressure, viscosity and 
curvature of the interface, respectively. To avoid numerical 
instabilities, the density  and viscosity  should be smoothed 
at the interface by a smeared out Heaviside function. The 
surface tension stress is transformed to a volume force 
spread over a few layers of cells with a diffuse interface 
model [23]. The Reynolds number Re=0UL/0 has value 
896, and the Weber number We= 0U2L/ is 3.69. Here, the 
reference density 0 = 0.998×103 kg/m3 and reference vis-
cosity 0 = 1.002×103 Pa s are set to those of water at 293 K. 
The reference length L=3.0×103 m is chosen as the equatori-
al radius of the drop, and the reference velocity of U = 0.3 m/s 
equals the maximum fluid velocity in the oscillating drop. 
The surface tension of water is= 0.073 N/m. The water- 
to-air density and viscosity ratios are about 830:1 and 60:1, 
respectively. 
To numerically solve the Navier-Stokes equations using 
the level set method over fixed grids, the staggered mesh 
was used for spatial discretization. The convective terms 
were discretized using second-order upwind scheme. The 
viscous stress tensor and the curvature were discretized with 
the central difference scheme. The time integration was 
performed by second-order Runge-Kutta method. Due to the 
convective terms, viscous terms and surface tension terms, 
the time step must obey the Courant-Friedrichs-Lewy (CFL) 
conditions. Pressure and velocity fields were solved numer-
ically using the extensions of the Marker and Cell (MAC) 
method together with the conservative total variation di-
minishing (TVD) advection scheme. The initial configura-
tion of the drop was set to the shape of the oscillating drop 
at maximum deviation amplitude of 0.07. The computation-
al fluid domain was 4×4 and the grid size 320×320, where a 
free-slip condition is assumed at the domain boundaries.  
Panels (b1)–(b5) in Figure 1 depict the evolution of the 
shape oscillations from the above numerical computation. 
The result is in good agreement with the experimental re-
sults. The numerical computation indicates that the surface 
tension stress resulting from curvature change is the domi-
nant restoring force that sustains the oscillation. The modu-
lation of the ultrasound field only helps to counteract the 
viscosity dissipation of energy. In addition, a related com-
putation is also conducted to estimate the frequency for the 
different equatorial radii. The solid line in Figure 5 represents 
the calculated results. The simulated results are slightly 
lower than the experimental measurements and slightly high-
er than the empirical predications given by eq. (3). Overall, 
the numerical computation provides an effective modeling 
of frequencies of this ninth-mode sectorial oscillation. 
3  Conclusions 
The ninth-mode sectorial oscillation of acoustically levitat-
ed drops was successfully excited by actively modulating 
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the sound pressure. The oscillation frequency decreased 
with increasing equatorial radius and was well-described by 
our modified Rayleigh equation. Numerical analysis was 
performed to predict the shape evolution of the oscillating 
drop using a conservative level set method to solve the cor-
responding incompressible two-phase flow problem. The 
simulated shapes were found to agree well with experi-
mental observations. Both experimental and numerical meth-
ods were used to investigate the dependence of the oscilla-
tion frequency on parameters describing flattened drops. 
Numerical results indicate that the computational simulation 
provided satisfactory results in predicting the frequencies of 
these sectorial oscillations.  
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